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In this short note, we examine geodesic distance in Fisher information space in which the metric
is defined by the entanglement entropy in CFT1+1. It is obvious in this case that the geodesic
distance at a constant time is a function of the entropy data embedded into the information space.
In a special case, the geodesic equation can be solved analytically, and we find that the distance
agrees well with the Ryu-Takayanagi formula. Then, we can understand how the distance looks at
the embeded quantum information. The result suggests that the Fisher metric is an efficient tool
for constructing the holographic spacetime.
PACS numbers: 03.67.Mn, 89.70.Cf, 11.25.Tq, 04.90.+e
I have recently shown that the second derivative of
the entanglement entropy is equivalent to the emergent
spacetime metric [1]. As a result, we can derive the gravi-
tational field equation from the metric, and found that it
extends entanglement thermodynamics approach based
on the first-order variation of the entropy [2–9]. I believe
that this result sheds new light on the AdS/CFT cor-
respondence and related topics [10]. By using the same
notation, here we would like to solve the geodesic equa-
tion, and consider its connection to the Ryu-Takayanagi
(RT) formula [11]. This is the purpose of this short note.
Since in this approach the metric is defined from the en-
tanglement entropy itself, it is possible to observe how
the geodesic curve detects the information of embedded
quantum entanglement.
Even apart from AdS/CFT, in some models of quan-
tum computation theory, their optimization algorithms
can be formulated by the calculation of geodesics as well
as the Bures metric defined by their wave functions. In
this case also, the amount of quantum information and
geodesics strongly couple with each other. Thus, we
would like to deeply understand such a kind of coupling
inherent in the Fisher metric.
Let us start with a quantum state |ψ〉 defined on (1+1)-
dimensional Minkowski spacetime R1,1. In this paper, we
consider a constant-time surface at t = 0. We devide the
whole system into two spatial regions A and A¯. Then,
|ψ〉 is represented by the Schmidt decomposition or the
singular value decomposition as
|ψ〉 =
∑
n
λn |n〉A ⊗ |n〉A¯ , (1)
where {|n〉A} and {|n〉A¯} are the Schmidt bases for A and
A¯, respectively. The Schmidt coefficient λn is a function
of correlation length ξ that the state |ψ〉 has, and the
boundary coordinate x between A and A¯. Since we can
change the shape ofA, x runs over whole one-dimensional
space. Thus, we denote λn as
λn = λn(ξ, η) = λn(x
0, x1) = λn(x). (2)
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We normalize the Schmidt coefficient so that |ψ〉 is nor-
malized as
〈ψ|ψ〉 =
∑
n
|λn(x)|
2
= 1. (3)
By based on the above setup, we construct a dual grav-
ity theory. For this purpose, we start with the entangle-
ment entropy and entanglement spectrum
S(x) = −
∑
n
|λn(x)|
2
log |λn(x)|
2
, (4)
γn(x) = − log |λn(x)|
2
. (5)
Here, the x dependence on S(x) have been extensively
examined in terms of CFT [12–16]. In order to define
the metric, we take the second derivative of S(x) as
− ∂µ∂νS(x) =
∑
n
1
|λn(x)|
2
∂µ |λn(x)|
2
∂ν |λn(x)|
2
=
∑
n
|λn(x)|
2
∂µγn(x)∂νγn(x)
= 〈∂µγ∂νγ〉 , (6)
where the expectation value of On(x) is represented as
〈O〉 =
∑
n
|λn(x)|
2On(x). (7)
Then the entanglement entropy is represented as
S(x) = 〈γ〉 . (8)
The right hand side of Eq. (6) is the Fisher metric in
terms of information geometry [17, 18]. Actually, we cal-
culate the infinitesimal change of the entropy as
D(x) =
∑
n
|λn(x)|
2
(γn(x) − γn(x+ dx))
=
1
2
〈∂µγ∂νγ〉 dx
µdxν , (9)
and we find that
gµν(x) = 〈∂µγ∂νγ〉 = −∂µ∂νS(x). (10)
2This means that gµν(x) can be used as a measure of differ-
ence between two different entropy data embedded into
the classical side. Then we define the line element as
ds2 = l2gµν(x)dx
µdxν , (11)
with a length scale l. Now, the metric is represented by
the second derivative of the entanglement entropy, and
this is called the Hessian form [18]. In this case, the
corresponding geometry has quite nice properties. Ac-
cording to the previous work [1], we take a mean-field
approximation to the metric as
〈∂µγ∂νγ〉 ∼ ∂µ 〈γ〉∂ν 〈γ〉 = ∂µS(x)∂νS(x). (12)
This approximation is not so bad for a CFT with large
central charge c. With this approximation, we can solve
the geodesic equation in the following.
In the previous work [1], it has been shown that the
CFT data at t = 0 are stored into the hyperbolic space
in two dimension. Thus, our geodesic is a half-circle. It
is then straightfoward that the geodesic distance γB that
surrounds a spatial region B is represented as
γB = 2l
∫
∂B
dξ
√
g00(x) + g11(x)
(
dη
dξ
)2
∼ 2l
∫
∂B
dξ∂ξS(x)
√
1 +
g11(x)
g00(x)
(
dη
dξ
)2
, (13)
where η = η(ξ) is the equation for the geodesic line. It
is almost clear that γB is roughly proportional to the
entanglement entropy S(x).
In order to understand relation between geodesics and
embedded quantum data in more detail, we solve the
geodesic equation. The geodesic equation is described as
d2xλ
ds2
+ Γλµν
dxµ
ds
dxν
ds
= 0, (14)
where s is the invariant measure, and the Christoffel sym-
bol Γλµν is defined by
Γλµν =
1
2
gλτ (∂µgντ + ∂νgµτ − ∂τgµν)
= −
1
2
gλτTτµν, (15)
where the rank-three tensor Tτµν is defined by
Tτµν = −∂τgµν = ∂τ∂µ∂νS(x). (16)
In order to solve Eq. (14), we first realize that the trace
on the geodesic curve is directly related to the entropy
variation as follows
dxλ
d(s/l)
= ∂λS(x). (17)
Substituting it into Eq. (14), we find that
d
d(s/l)
(
∂λS(x)
)
=
1
2
gλτ∂τ∂µ∂νS(x)∂
µS(x)∂νS(x)
∼ −
1
2
gλτgµν∂τgµν
∼ −
1
2
gλτgµν∂τ (∂µS(x)∂νS(x))
=
1
2
gλτgµν (gτµ∂νS(x) + gτν∂µS(x))
= ∂λS(x). (18)
The general solution of this equation is given by
∂λS(x) = Ces/l, (19)
with an integration constant C.
The important physical meaning of Eq. (17) for λ = ξ
is that the trace on a geodesic line corresponds to count
how many layers with different length scale exist along
the ξ direction. This is why the Ryu-Takayanagi formula
works well for calculating the entanglement entropy holo-
graphically.
Let us focus on the λ = ξ component and again con-
sider the semi-circle set up. Then, ξ becomes the radial
axis of the AdS spacetime in the Poincare coordinate [1].
The geodesic distance γB that surrounds a spatial region
B with size L is
γB =
∫
∂B
ds = 2l
[
log
(
1
C
∂ξS(ξ, η)
)]ξ=L/2
ξ=ǫ
, (20)
where ǫ is UV cut-off. Now, we have
S(ξ) =
cκ
6
log ξ, (21)
with the finite-entanglement scaling exponent κ
κ =
6
c
(√
12/c+ 1
) . (22)
Then, we obtain
γB = 2l
[
log
(
ξ2∂ξ log ξ
)]ξ=L/2
ξ=ǫ
= 2l log
(
L
2ǫ
)
. (23)
According to the Brown-Henneaux central charge [19],
c =
3l
2GN
, (24)
the holographic entanglement entropy is given by
SRT =
γA
4GN
=
l
2GN
log
(
L
2ǫ
)
=
c
3
log
(
L
2ǫ
)
(25)
This is exactly the entanglement entropy of the original
quantum system [12–14].
Summarizing, we have examined geodesic distance in
Fisher information space in which the metric is defined by
3the entanglement entropy in CFT1+1. In a special case,
the geodesic equation can be solved analytically, and we
found that the distance agrees with the RT formula. By
using the Fisher information approach, we found that
the geodesic curve really observes the embedded entropy
data.
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